Abstract. It is known that each eigenvalue of a real symmetric, irreducible, tridiagonal matrix has multiplicity 1. The graph of such a matrix is a path. In this paper, we extend the result by classifying those trees for which each of the associated acyclic matrices has distinct eigenvalues whenever the diagonal entries are distinct.
Introduction
Throughout all matrices are real. We refer a reader to [2] Further, for a given graph G on n vertices, define S(G) to be the set of all n by n symmetric matrices with graph G, i.e.,
S(G) = {A n×n | A is symmetric and G(A) = G }. The spectrum of S(G) is the set of all spectra realized by some matrix in S(G). The unordered multiplicity list of S(G) is the set of all unordered multiplicity lists realized by some matrix in S(G).
It is known that for a tree T , some combinatorial properties of T are reflected in the spectrum of S(T ), and hence impose restrictions on the unordered multiplicity list of S(T ) (see [4, 1] ). For example, the maximum multiplicity of an eigenvalue of a matrix in S(T ) is the minimum number of disjoint paths in T covering all of the vertices of T . Thus, for a given tree T , it can be shown that T is a path if and only if the unordered multiplicity list of S(T ) is { (1, 1, . . . , 1)}. This implies that if G(A) is a path, then the symmetric, irreducible, tridiagonal matrix A has only simple eigenvalues regardless of the diagonal entries. A problem related to this fact is the existence of other trees T for which each associated acyclic matrix with some restrictions on the diagonal entries has the unordered multiplicity list (1, 1, . . . , 1) . For a given graph, define
In this note, we classify the trees T such that every matrix in SD(T ) has only simple eigenvalues.
Main results
We first provide necessary terms and a known result. Let T be a tree, and let v be a vertex of T . The following result along with Lemma 2.4 gives the characterization of the trees T for which each matrix in SD(T ) has distinct eigenvalues.
Theorem 2.2. Let T be a tree that is not a path. Then each matrix in SD(T ) has distinct eigenvalues if and only if each vertex of degree 3 or more in T has at most one branch which is not a pendant vertex.
To prove Theorem 2.2, we first establish the following lemma.
Lemma 2.3. Let T be a tree on n vertices for n ≥ 2. Then there exists a singular matrix in SD(T ) with all nonzero diagonal entries.
Proof. Let L = [ ij ] be the Laplacian matrix of T (see [2] ). Then L ∈ S(T ). Since n ≥ 2 and T is connected, L is singular and ii > 0 for each i = 1, . . . , n.
n nn > 0, and let A = DLD. Then A is a singular matrix with nonzero diagonal entries in SD(T ).
Proof of Theorem 2.2. Let T be a tree that is not a path. For sufficiency, assume that each of vertices of degree 3 or more in T has at most one branch which is not a pendant vertex, and A ∈ SD(T ). Suppose to the contrary that there exists an eigenvalue λ of A with m A (λ) ≥ 2. Then, by Lemma 2.1, there exists a Parter-vertex v of A for λ such that at least three of the direct summands of A(v) have λ as an eigenvalue. This implies that at least two diagonal entries of A are λ. This contradicts that A has distinct diagonal entries.
For necessity, suppose to the contrary that there exists a vertex v of degree 3 or more having at least two branches which are not pendant vertices. We now turn our attention to characterize the trees for which each vertex of degree 3 or more has at most one branch which is not a pendant vertex. Proof. Suppose to the contrary that T has at least three vertices of degree 3 or more. Let u, v, w be vertices of degree 3 or more in T . Since T is a tree, there exists a pair of vertices v 1 , v 2 in {u, v, w} such that the path P connecting v 1 and v 2 does not pass through vertex v 3 ∈ {u, v, w} \ {v 1 
Since the branch of T at v 1 (resp. v 2 ) containing vertex v 2 (resp. vertex v 1 ) is a non-pendant branch, by the assumption, the path connecting v 1 and v 3 shares a vertex y, which is neither v 1 nor v 2 , with the path P . Thus, deg(y) ≥ 3 and there exist at least two branches of T at y that are not pendant vertices. This contradicts the assumption.
The following is a direct consequence of Theorem 2.2 and Lemma 2.4.
Corollary 2.5. Let T be a tree. Then each matrix in SD(T ) has distinct eigenvalues if and only if T is one of the following trees:
(1) No vertex of degree 3 or more (Paths) : 
